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VOLUME RENORMALIZATION FOR THE BLASCHKE METRIC
ON STRICTLY CONVEX DOMAINS
TAIJI MARUGAME
Abstract. We consider the volume expansion of the Blaschke metric, which
is a projectively invariant metric on a strictly convex domain in a locally flat
projective manifold. When the boundary is even dimensional, we express the
logarithmic coefficient L as the integral of affine invariants over the bound-
ary. We also formulate an intrinsic geometry of the boundary as a conformal
Codazzi structure and show that L gives a global conformal invariant of the
boundary.
1. Introducton
Renormalization of the volume of a complete metric has been an important topic
in conformal and CR geometries. In conformal geometry, the complete metric we
consider is the Poincare´-Einstein metric ([G], [HS]), which generalizes the hyper-
bolic metric on the unit ball. The volume renormalization of Poincare´-Einstein
metric was motivated by theoretical physics and it has been intensively studied
also in mathematical viewpoints ([Al], [An], [GMS]). A Riemannian metric g+ on
the interior X of a compact manifold with boundary is called a Poincare´-Einstein
metric if it satisfies the Einstein equation and x2g+ extends to a metric on X ,
where x is a defining function of X which is positive inside. The conformal class
of x2g+|T∂X is independent of the choice of x and defines a conformal structure
[h] on M = ∂X , which is called the conformal infinity of g+. The volume of X
with respect to g+ is infinite, but one can renormalize it by expanding the volume
of subdomains; a representative metric h ∈ [h] determines a special choice of a
defining function x with x2g+|TM = h and the volume of each sublevel set of x has
the following expansion:
(1.1) Vol({x > ǫ}) =
⌈n/2⌉−1∑
j=0
c−n+2jǫ
−n+2j +
{
V + o(1) (n : odd)
L log 1ǫ + V + o(1) (n : even),
where n = dimM . The constant term V , called the renormalized volume, is inde-
pendent of the choice of h ∈ [h] when n is odd. When n is even V depends on the
choice, but instead the coefficient L of the logarithmic term becomes an invariant
of g+. Moreover, it is shown in [GZ], [FG] that L agrees with the integral of the
Q-curvature over M , which is a global conformal invariant.
The complex counterpart of this setting is the Cheng–Yau metric on a strictly
pseudoconvex domain with CR boundary in a complex manifold. The Cheng–Yau
metric is a complete Ka¨hler-Einstein metric constructed from the solution to the
complex Monge–Ampe`re equation ([CY2]). In this case, there are two ways of
choosing a defining function for the volume renormalization. Seshadri [Se] uses a
defining function which satisfies a normalization condition analogous to that in the
conformal case and shows that the coefficient of the logarithmic term agrees with
the total CR Q-curvature, though it vanishes for a natural class of contact forms,
namely the class of pseudo-Einstein contact forms. On the other hand, the volume
expansion with respect to the approximate solution to the Monge–Ampe`re equation
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is considered in [HMM]. The expansion has no logarithmic term but the constant
term is shown to agree, up to a topological term, with the total Q-prime curvature,
which is a global CR invariant defined by Case–Yang [CaY] and Hirachi [H] for
pseudo-Einstein contact forms.
Conformal geometry and CR geometry are both examples of so called parabolic
geometries. A parabolic geometry is a Cartan geometry modeled on the homoge-
neous spaceG/P , whereG is a semi-simple Lie group and P is a parabolic subgroup,
and can be treated in a unified way by Cartan connections, tractor calculus, and
BGG machinery ([CˇG1], [CˇS], [CˇSS]).
In this article, we consider the volume renormalization in the setting of another
important example of such geometries: projective differential geometry. Recall
that two torsion-free affine connections are said to be projectively equivalent if
they have the same geodesics up to parametrization. A differentiable manifold N
equipped with a projective equivalence class [∇] (a projective structure) is called
a projective manifold. The flat model is the projective space RPn+1 with the
canonical projective structure and we say (N, [∇]) is locally flat if it is locally
projectively equivalent to the flat model. We view a locally flat projective structure
as a real analogue of complex structure, and consider a strictly convex domain Ω in
a projective manifold instead of a strictly pseudocovex domain. Along the analogy
to the complex case, we define the real Monge–Ampe`re equation for a projective
density ρ ∈ E(2) as
(1.2) detDIDJρ = −1, Ω = {ρ < 0}
with the D-operator on the tractor bundle. (See §2 for the definitions of E(2)
and DI .) Then, with the (approximate) solution to (1.2), we define a projectively
invariant metric g on Ω by
gij =
∇i∇jρ
−2ρ
+
∇iρ∇jρ
4ρ2
− Pij ,
where Pij is the projective Schouten tensor of ∇ ∈ [∇]. We call g the Blaschke
metric by following Sasaki [Sa1]. The Blaschke metric is a generalization of the
Klein (projective) model hyperbolic metric while the Poincare´-Einstein metric is a
generalization of the Poincare´ model hyperbolic metric. Fixing a projective scale
τ ∈ E(1), we obtain the same volume expansion as in (1.1) with x = (−2τ−2ρ)1/2,
and V (resp. L) is independent of the choice of τ when n is odd (resp. even), where
n is the dimension of M = ∂Ω (Theorem 3.4). We then relate the invariant L to
the geometry of the boundary. If we fix a scale τ , the boundaryM is endowed with
several affine tensors such as the affine metric hαβ, the affine shape operator Sα
β ,
and the Fubini–Pick form Aαβγ . Under a rescaling τ̂ = e
−Υτ with Υ ∈ C∞(N), hαβ
and Aαβγ transform conformally and the transformation formula of Sα
β involves
the 1-jet of Υ along M . Given a 1-jet of a projective scale along the boundary, we
introduce a normalized scale via the tractor parallel transport so that L is written
in terms of the integral of affine invariants (Theorem 4.10).
Although the shape operator Sα
β is an extrinsic curvature of M , there is an
intrinsic definition of the geometric structure on a strictly convex hypersurface
in a locally flat projective manifold: A conformal Codazzi structure is a confor-
mal structure [h] (or a Mo¨bius structure when n = 2) together with a trace-free
symmetric tensor Aαβγ ∈ E(αβγ)0[2] which satisfies certain integrability conditions
called the Gauss–Codazzi equations (see Definition 5.6). This is a special case of the
framework of parabolic subgeometries proposed by Burstall–Calderbank [BC]. They
develop the general theory of parabolic geometry on a submanifold of a generalized
flag manifold, and derive the Gauss–Codazzi equations in terms of Lie algebra ho-
mology and the BGG operators. In this paper, we derive an explicit form of the
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equations in a rather direct way based on the comparison of the ambient projec-
tive tractor bundle and the conformal tractor bundle over the boundary; these two
bundles are canonically isomorphic and the projective tractor connection induces
a connection on the conformal tractor bundle over M , whose flatness corresponds
to the Gauss–Codazzi equations. The form of the equations depends on whether
n = 2, 3 or ≥ 4. When n ≥ 4, the equations are
(Gauss) 2 tf(Aνγ[αAβ]µ
ν) +Whαβγµ = 0,
(Codazzi) ∇h[αAβ]γµ −
1
n
(
hµ[α(δA)β]γ + hγ[α(δA)β]µ
)
= 0,
where tf denotes the trace-free part, Whαβγµ is the Weyl tensor, and (δA)αβ :=
∇hγAαβ
γ . See Proposition 5.3 for the Gauss–Codazzi equations in n = 2, 3. The
differential operator applied to Aαβγ in the Codazzi equation is known as the sec-
ond BGG operator associated with the representation S20(R
n+2)∗ of SO(n + 1, 1).
Conversely, given a tensor Aαβγ on a conformal manifold with the Gauss–Codazzi
equations, one can define a local immersion to the projective space such that the
induced conformal Codazzi structure agrees with the original one (Theorem 5.8, the
projective Bonnet theorem). Thus it contains complete information on the local
geometric structure on a hypersurface in a projective manifold.
In order to relate the invariant L to the conformal Codazzi structure on the
boundary, we introduce a normalization on the 1-jet of the projective scale by im-
posing the harmonicity ∆˜τ = O(ρ) with respect the ambient metric g˜IJ = DIDJρ.
Any conformal scale on the boundary extends to such a scale and we call it a
harmonic scale. In a harmonic scale, the shape operator is expressed with the
Fubini–Pick form and we obtain a representation of L as a conformal invariant
on a conformal Codazzi manifold (Theorem 5.11). Explicit formulas are given for
n = 2, 4 (see (4.23), (5.29)).
Using the ambient metric, one can construct GJMS operators and Q-curvature
for conformal Codazzi geometry and show that the total Q-curvature agrees with
L as in conformal and CR cases; the details including some variation formulas will
appear in [M].
This paper is organized as follows. In §2, we review basic notions in projective
differential geometry including projective tractor calculus. In §3, we define the
Blaschke metric via the solution to the real Monge–Ampe`re equation and consider
the volume expansion to obtain invariants of the domain. In §4, we express the
logarithmic coefficient L as the integral of affine invariants over the boundary. We
then derive the explicit form of the Gauss–Codazzi equations in §5 and define
the conformal Codazzi structures. We also introduce harmonic scales in order to
represent L as a conformal invariant.
Notations. We adopt Einstein’s summation convention and assume that
• uppercase Latin indices I, J,K, . . . run from 0 to n+ 1;
• lowercase Latin indices i, j, k, . . . run from 1 to n+ 1;
• lowercase Greek indices α, β, γ, . . . run from 1 to n.
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2. Projective structure and tractor bundle
2.1. Projective structures. Let N be an oriented C∞-manifold of dimension
n + 1 ≥ 3. We use abstract index notation to denote tensors and tensor bun-
dles over N . For example, E i and Ei stand for TN and T
∗N respectively, and
sections of the bundles are denoted by X i or Ti. The symmetrization and skew
symmetrization of a tensor Ti1i2...ik are denoted by T(i1i2...ik) and T[i1i2...ik] respec-
tively. The corresponding tensor bundles are denoted by E(i1i2...ik) or E[i1i2...ik],
and we also use the same symbols to denote the space of sections of the bundles.
Since N is oriented we can define, for each w ∈ R, an oriented real line bundle
E(w) = (∧n+1T ∗N)−w/(n+2), which we call the projective density bundle of weight
w. A connection ∇ on TN induces a connection on E(w), which we also denote by
∇. A positive section of E(1) is called a projective scale. We put (w) to a bundle
to indicate the tensor product with E(w), as in Eij(w).
Let ∇ and ∇′ be torsion-free affine connections on TN . We say ∇ and ∇′ are
projectively equivalent when there exists a 1-form pi such that
∇′iX
j = ∇iX
j + piX
j + plX
lδi
j ,
where δi
j is the Kronecker delta. We write this relation as ∇′ = ∇+ p. It is known
that two affine connections are projectively equivalent if and only if they have the
same unparametrized geodesic paths; see, e.g., [CˇS] for a proof. An equivalence
class [∇] is called a projective structure on N . The curvature and Ricci tensors of
∇ ∈ [∇] are defined by
(∇i∇j −∇j∇i)X
k = Rij
k
lX
l, Ricjl = Rij
i
l.
Note that the Ricci tensor is not symmetric in general. To deal with this matter,
we introduce a subclass of [∇], which consists of Ricci symmetric connections.
Lemma 2.1. For each choice of a projective scale τ ∈ E(1), there exists a unique
∇ ∈ [∇] such that ∇τ = 0. Moreover the Ricci tensor of ∇ is symmetric.
Proof. Let ∇˚ be an arbitrary representative connection. Take a local unimodular
frame {ei} with respect to the volume τ
−(n+2) and let ω˚i
j be the connection forms
of ∇˚. Then for ∇ = ∇˚+ p ∈ [∇], we have
∇τ =
(
(n+ 2)−1ω˚l
l + p
)
⊗ τ.
Thus there is a unique p for which ∇τ = 0. The Bianchi identity Rij
k
k = 2Ric[ji]
implies that ∇ is Ricci symmetric. 
From now on, we will restrict ourselves to representative connections given as in
the above lemma. If we change a projective scale as τ̂ = e−Υτ,Υ ∈ C∞(N), the
connection transforms by ∇̂ = ∇ + dΥ. We define the projective Schouten tensor
Pij ∈ E(ij) and the projective Weyl tensor Cij
k
l ∈ E[ij]
k
l by
Pij =
1
n
Ricij , Cij
k
l = Rij
k
l − 2 δ[i
kPj]l.
For a change of the scale τ̂ = e−Υτ , the projective Weyl tensor is invariant and the
projective Schouten tensor satisfies
P̂ij = Pij −∇iΥj +ΥiΥj,
where Υi = dΥ. A projective structure is said to be locally flat if Cij
k
l = 0. This is
equivalent to the condition that on a neighborhood of any point in N there exists
a projective scale such that the corresponding connection in the projective class
is flat. We call such a projective scale an affine scale. From the Bianchi identity
∇[iRjk]
l
m = 0 it follows that ∇kCij
k
l = 2(n − 1)∇[iPj]l, so if [∇] is locally flat
∇[iPj]l also vanishes.
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2.2. Projective tractor bundle and tractor connection. We review the con-
struction of the tractor bundles and tractor connections for projective manifolds by
following [BEG]. We refer to [CˇG1] for the general construction of tractor bundles
for parabolic geometries.
Let π : N˜ → N be the R+-bundle of positive elements in E(−1). Let R+ act
on T N˜ by s · u := s−1(δs)∗u, where δs is the dilation in the fibers of N˜ . Then
E˜I := T N˜/R+ becomes a rank (n + 2) vector bundle over N , and is called the
projective tractor bundle. We call an element νI ∈ E˜I a tractor. We often identify
a section of E˜I with a vector field on N˜ homogeneous of degree −1. Since the
inclusion π∗E(−1) ⊂ T N˜ is R+-invariant, E˜
I contains E(−1) as a line subbundle,
which is the kernel of the well-defined projection E˜I −→ E i(−1). Thus we have an
exact sequence
(2.1) 0 −→ E(−1) −→ E˜I −→ E i(−1) −→ 0.
If we choose a projective scale τ ∈ E(1) then N˜ is trivialized by τ−1 and accordingly
the sequence (2.1) splits:
E˜I
τ
∼=
E i(−1)
⊕
E(−1)
.
So a tractor is represented as νI = t(νi, λ) with νi ∈ E i(−1) and λ ∈ E(−1). Let
νI = t(ν̂i, λ̂) be the expression in terms of another scale τ̂ = e−Υτ . Then two
expressions are related as
(2.2)
(
ν̂i
λ̂
)
=
(
νi
λ−Υkν
k
)
.
The inclusion E(−1) →֒ E˜I is described as λ 7→ λT I , where T I := t(0, 1) ∈ E˜I(1) is
the Euler field.
The tractor connection is a projectively invariant linear connection on E˜I defined
by
(2.3) ∇i
(
νj
λ
)
=
(
∇iν
j + λδi
j
∇iλ− Pikν
k
)
in a chosen projective scale. We can also consider the dual or tensor products
of the projective tractor bundles, and we also call them “tractor bundles”. The
transformation laws and the induced tractor connections are computed from (2.2)
and (2.3). For the dual bundle E˜I
τ
∼= E(1)⊕ Ei(1), we have(
σ̂
µ̂i
)
=
(
σ
µi +Υiσ
)
, ∇i
(
σ
µj
)
=
(
∇iσ − µi
∇iµj + Pijσ
)
.
We define the curvature of the tractor connection by
(∇i∇j −∇j∇i)ν
K = Ωij
K
Lν
L.
Then we have
Ωij
K
L =
(
Cij
k
l 0
−2∇[iPj]l 0
)
.
Thus the projective tractor connection is flat if and only if the projective structure
[∇] is locally flat.
Let E˜∗(w) denote a weighted tractor bundle with arbitrary tractor indices. The
projective tractor D-operator DI : E˜∗(w)→ E˜I∗(w − 1) is defined by
DIf∗ =
(
wf∗
∇if∗
)
∈
E˜∗(w)
⊕
E˜i∗(w)
τ
∼= E˜I∗(w − 1),
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where in the second slot, we use the connection induced by the tractor connection
and the flat connection on E(w) relative to a chosen scale τ ∈ E(1). It is immediate
to check that DI is a projectively invariant differential operator. A calculation
shows that the commutator of the D-operator satisfies T ID[IDJ]f∗ = 0 and it
projects to ∇[i∇j]f∗. Therefore D[IDJ]f∗ = 0 for locally flat projective structures.
We can give a characterization of the affine scale via projectively invariant dif-
ferential operators:
Proposition 2.2. Assume that [∇] is locally flat and let τ ∈ E(1) be a projective
scale. Then the following are equivalent:
(i) The scale τ is affine;
(ii) It holds that DIDJτ = 0;
(iii) It holds that ∇i∇jτ + Pijτ = 0 for any ∇ ∈ [∇].
Proof. The equivalence of (ii) and (iii) follows from the equation
DIDJτ =
(
0 0
0 ∇i∇jτ + Pijτ
)
.
If we compute in the scale τ , we have ∇i∇jτ + Pijτ = P
τ
ijτ , where P
τ
ij is the
projective Schouten tensor of the corresponding representative connection ∇ ∈ [∇].
Thus ∇i∇jτ + Pijτ = 0 if and only if P
τ
ij = 0, which is equivalent to the flatness
of ∇ by Cij
k
l = 0. 
3. Monge–Ampe`re equation and Blaschke metric
3.1. Monge–Ampe`re equation on strictly convex domains. Let (N, [∇]) be
an oriented (n+1)-dimensional projective manifold. Let Ω be a relatively compact
domain in N with smooth boundary ∂Ω = M . We say M is strictly convex if the
Hessian (∇i∇jρ)|TM is positive definite for a connection ∇ ∈ [∇] and a defining
function ρ. (Here and after, the defining functions or defining densities are assumed
to be negative inside the domain.) Note that the condition is independent of the
choices of ∇ and ρ.
In order to formulate the real Monge–Ampe`re equation on Ω, we will define the
determinant of an element in E˜ij(w) or E˜IJ(w). Take a projective scale τ ∈ E(1).
First we define
det : E˜ij(w) −→ E
(
(n+ 1)w − 2n− 4
)
by
detφij := τ
(n+1)w−2n−4 det τ (τ
−wφij),
where in the right-hand side we take the determinant in a unimodular frame with
respect to the volume τ−(n+2). Then, detφij is independent of τ since we have
det τ̂ = e
−(2n+4)Υ det τ for another projective scale τ̂ = e
−Υτ . Next we define
det : E˜IJ(w) −→ E
(
(n+ 2)w
)
by
det
(
σ νj
µi λij
)
:= τ (n+2)w det τ
[
τ−w−2
(
σ νj
µi λij
)]
.
Note that each component in the matrix has weight w+ 2. One can show that the
determinant is invariant under the change τ̂ = e−Υτ by using the transformation
law (
σ̂ ν̂j
µ̂i λ̂ij
)
=
(
σ νj +Υjσ
µi +Υiσ λij +Υjµi +Υiνj +ΥiΥjσ
)
.
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Now the real Monge–Ampe`re equation for a density ρ ∈ E(2) is defined by{
J [ρ] = −1,
Ω = {ρ < 0},
(3.1)
where
J [ρ] := det(DIDJρ) = det
(
2ρ ∇jρ
∇iρ ∇i∇jρ+ 2ρPij
)
.
For a defining density ρ ∈ E(2), we call g˜IJ = DIDJρ a pre-ambient metric. By
strict convexity of M , g˜IJ is identified with a Lorentz metric on N˜ near M which
is homogeneous of degree 2. Then the Monge–Ampe`re equation is equivalent to
det g˜IJ = −1. Note, however, that the equation does not imply that g˜IJ is Ricci
flat, unlike in the complex case.
The real Monge–Ampe`re equation can be rewritten as an equation for a density
u ∈ E(1)|Ω which is continuous up to M but may not be a defining density. Setting
u = −(−2ρ)1/2, we have
det(DIDJρ) = −(−u)
n+3 det(∇i∇ju+ Piju).
Thus (3.1) is equivalent to{
(−u)n+3 det(∇i∇ju+ Piju) = 1,
u|M = 0.
(3.2)
The differential operator ∇i∇j + Pij on E(1) is the projecting part of DIDJ so
it is projectively invariant. It is also known as the first BGG operator associated
with the representation of SL(n + 2,R) on (Rn+2)∗. The generalization of real
Monge–Ampe`re equation via the first BGG operator is also considered by Fox in
[Fo].
With a solution ρ or u to the Monge–Ampe`re equation, we define a projectively
invariant metric on Ω by
(3.3)
gij =
∇i∇ju
−u
− Pij
=
∇i∇jρ
−2ρ
+
∇iρ∇jρ
4ρ2
− Pij ∈ E(ij).
We call gij the Blaschke metric by following [Sa1]. In the case where N = R
n+1
and [∇] is the canonical flat projective structure, unique existence of the solution
to (3.2) has been proved by Cheng–Yau:
Theorem 3.1 ([CY1]). Let Ω be a bounded strictly convex domain in Rn+1. Then
there exists a unique function u ∈ C∞(Ω)∩C(Ω) such that (−u)n+3 det(∂2u/∂xi∂xj)
= 1 and u|∂Ω = 0.
For Ω = Bn+1, the solution is given by u(x) = −(1 − |x|2)1/2 and the Blaschke
metric agrees with the Klein model hyperbolic metric.
3.2. Fefferman’s approximate solution. We do not have the existence theorem
for the Monge–Ampe`re equation on convex domains in general projective manifolds,
but we can construct an asymptotic solution to (3.1) by the method of Fefferman
[Fe] (see also [Sa2] for the real case).
Lemma 3.2. Let ρ ∈ E(2) be a defining density of Ω.
(i) For any positive function f ∈ E, it holds that
(3.4) J [fρ] = fn+2J [ρ] +O(ρ).
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(ii) Let m ≥ 2 and suppose that ρ satisfies J [ρ] = −1+Kρm−1 with K ∈ E(2−2m).
Then for any density φ ∈ E(2 − 2m), it holds that
(3.5) J [ρ+ φρm] = −1 +
(
K −m(n+ 4− 2m)φ
)
ρm−1 + O(ρm).
Moreover, if m ≥ 3 we also have
(3.6) J [ρ+ φρm] = −1 +
(
K −m(n+ 4− 2m)φ
)
ρm−1 + ρm∆˜φ+O(ρm+1),
where ∆˜ = −g˜IJ∇˜I∇˜J is the Laplacian of g˜IJ = DIDJρ.
Proof. (i) Using row and column transformations, we have
J [fρ] = det
(
0 f∇jρ
f∇iρ f∇i∇jρ+ 2∇(if∇j)ρ
)
+O(ρ)
= det
(
0 f∇jρ
f∇iρ f∇i∇jρ
)
+O(ρ)
= det
(
2fρ f∇jρ
f∇iρ f(∇i∇jρ+ 2ρPij)
)
+O(ρ)
= fn+2J [ρ] +O(ρ).
Thus we obtain (3.4).
(ii) We note that ∆˜φ = −g˜IJDIDJφ + O(ρ) holds, since the Christoffel symbols
Γ˜IJ
K satisfy g˜IJ Γ˜IJ
K = O(ρ) by the Monge–Ampe`re equation. In the following
calculation, we compute modulo O(ρm+1) for m ≥ 3 and modulo O(ρ2) for m = 2.
First, we divide each entry in the matrix DIDJ(ρ + φρ
m) by 1 + mφρm−1 and
perform some row and column transformations to obtain
J [ρ+ φρm] ≡ (1 +mφρm−1)n+2
· det

2ρ+ 2(1−m)φρm
(
1− 2m(m− 1)φρm−1
)
∇jρ
+(1− 2m)ρm∇jφ
∇iρ+ (1− 2m)ρ
m∇iφ ∇i∇jρ+ 2ρPij
+ρm
(
∇i∇jφ+ 2(1−m)φPij
)
 .
Then, dividing the first row by 1− 2m(m− 1)φρm−1, we have
J [ρ+ φρm] ≡
(
1 +m(n+ 2)φρm−1
)(
1− 2m(m− 1)φρm−1
)
· det

2ρ+ 2(1−m)(1− 2m)φρm ∇jρ+ (1 − 2m)ρ
m∇jφ
∇iρ+ (1− 2m)ρ
m∇iφ ∇i∇jρ+ 2ρPij
+ρm
(
∇i∇jφ+ 2(1−m)φPij
)

≡
(
1 +m(n+ 4− 2m)φρm−1
)
det(g˜IJ + ρ
mDIDJφ)
≡
(
1 +m(n+ 4− 2m)φρm−1
)
J [ρ](1− ρm∆˜φ)
≡ −1 +
(
K −m(n+ 4− 2m)φ
)
ρm−1 + ρm∆˜φ.
Thus we obtain (3.5) and (3.6). 
Proposition 3.3. There exists a defining density ρ ∈ E(2) such that
(3.7) J [ρ] =
{
−1 +O(ρ∞) if n is odd,
−1 +Oρn/2+1 if n is even,
where O ∈ E(−n − 2). Moreover, such a density is unique modulo O(ρ∞) for n
odd, and unique modulo O(ρn/2+2) for n even.
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Proof. Take an arbitrary defining density ρ ∈ E(2). Since M is strictly convex,
we have J [ρ] < 0 near M . Using (3.4) with f = (−J [ρ])−1/(n+2), we obtain a
defining density ρ′ such that J [ρ′] = −1+O(ρ′). Then we inductively improve the
approximate solution by using (3.5) up to m = n/2 + 1 when n is even and for all
m when n is odd. We use Borel’s lemma to obtain the infinite order approximate
solution for n odd. The uniqueness up to the stated order also follows from (3.5). 
We call a defining density which satisfies (3.7) a Fefferman defining density. By
Lemma 3.2, we can show that O|M is independent of the choice of a Fefferman
defining density and it vanishes if and only if there exists ρ such that J [ρ] =
−1 +O(ρ∞). We call O the obstruction density.
A pre-ambient metric g˜IJ = DIDJρ is called the ambient metric if ρ is a Feffer-
man defining density.
3.3. Volume expansion of the Blaschke metric. Let ρ ∈ E(2) be a Fefferman
defining density and set u = −(−2ρ)1/2 ∈ E(1). We define the Blaschke metric gij
by (3.3) near the boundary and extend it to a Riemannian metric on Ω. Then the
volume expansion of gij is given by the following theorem:
Theorem 3.4. Let τ ∈ E(1) be a projective scale and put u := τ−1u ∈ E. Then
we have the expansion
(3.8) Vol({u < −ǫ}) =
⌈n/2⌉−1∑
j=0
c−n+2jǫ
−n+2j +
{
V + o(1) (n : odd)
L log 1ǫ + V + o(1) (n : even).
The constant term V is independent of the choice of τ when n is odd while L is
independent of the choice of τ when n is even.
We call the constant term V the renormalized volume of g.
Proof of Theorem 3.4. The approximate Monge–Ampe`re equation (3.7) is equiva-
lent to
(−u)n+3 det τ (∇i∇ju+ Piju) = 1 +O(u
m),
where m = n+ 2 for n even and m =∞ for n odd. Thus we have
det τgij = (−u)
−2n−4(1 +O(um)).
Near the boundary we identify Ω with the product M × (−ǫ0, 0), where the second
component is given by ρ = τ−2ρ. Take a volume form volM on M , and write
τ−(n+2) = vdρ ∧ volM with v ∈ C
∞(M × (−ǫ0, 0]). Then since v is even in u, we
have
volg = (det τgij)
1/2τ−(n+2)
= (−u)−n−2(1 +O(um))vdρ ∧ volM
=
( [n/2]∑
j=0
aju
−n−1+2j +O(1)
)
du ∧ volM .
Integrating both sides, we obtain the desired volume expansion.
Let τ̂ = e−Υτ be another projective scale, and set ρ̂ = τ̂−2ρ, û = τ̂−1u. Near
the boundary, u and û are related as u = b(x, ρ̂ )û with some b ∈ C∞(M× (−ǫ̂0, 0]).
Then the difference of the volumes of sublevel sets is
Vol({û < −ǫ})−Vol({u < −ǫ})
=
∫ −b(x,− 1
2
ǫ2)ǫ
−ǫ
∫
M
( [n/2]∑
j=0
aju
−n−1+2j +O(1)
)
du ∧ volM .
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When n is odd, we can see that this integral is odd in ǫ so it does not contain the
constant term. Therefore, V is invariant under rescaling of τ . When n is even, the
difference does not contain the logarithmic term, so L is invariant. 
4. Relation to geometry on the boundary
4.1. Geometry of hypersurfaces in projective manifolds. Let (N, [∇]) be an
oriented projective manifold of dimension n + 1, and let Ω ⊂ N be a relatively
compact domain with strictly convex boundary M . We assume that the projective
structure [∇] is locally flat. We review the geometric structure induced on the
hypersurface M ; see, e.g., [NS] for details.
We fix a projective scale τ ∈ E(1) and a defining function ρ. Take a vector field
ξ ∈ Γ(M,TN) with dρ(ξ) > 0. Then according to the decomposition TN |M =
TM ⊕ Rξ, we have
∇XY = ∇
ξ
XY − h(X,Y )ξ,
∇Xξ = S(X) + η(X)ξ
for X,Y ∈ Γ(TM). Since ∇ is torsion-free, ∇ξ defines a torsion-free affine connec-
tion on TM and h becomes a symmetric 2-tensor, called the affine second funda-
mental form. Moreover, strict convexity of M implies that h is positive definite,
so it is called the affine metric. We denote the Levi–Civita connection of h and
its curvature by ∇h and Rh respectively. The endomorphism S is called the affine
shape operator. These quantities depend on the choice of the transverse field ξ.
However we can take ξ canonically by imposing some normalization conditions:
Lemma 4.1. There exists a unique ξ ∈ Γ(M,TN) with dρ(ξ) > 0 such that(
ξy τ−(n+2)
)
|TM = volh and η = 0.
Proof. We take an arbitrary ξ ∈ Γ(M,TN) with dρ(ξ) > 0. Then any other
ξ′ ∈ Γ(M,TN) such that dρ(ξ′) > 0 can be written in the form ξ′ = φξ + Z with
φ > 0 and Z ∈ Γ(TM). A calculation shows that the corresponding tensor fields are
given by h′ = φ−1h and η′(X) = η(X)+φ−1Xφ−φ−1h(X,Z). Thus we have volh′ =
φ−n/2volh. On the other hand we have
(
ξ′y τ−(n+2)
)
|TM = φ
(
ξy τ−(n+2)
)
|TM , so
there is a unique φ such that
(
ξ′y τ−(n+2)
)
|TM = volh′ . Then since h is non-
degenerate, the condition η′ = 0 uniquely determines Z. 
The transverse vector field ξ in Lemma 4.1 is called the affine normal field
associated with the projective scale τ . The transformation laws under rescaling of
τ are given by the following
Proposition 4.2. Let τ̂ = e−Υτ be another projective scale. Then it holds that
ξ̂ = e−2Υ(ξ − gradhΥ),
ĥ = e2Υh,
∇̂ξ̂XY = ∇
ξ
XY + dΥ(X)Y + dΥ(Y )X − h(X,Y ) gradhΥ,
Ŝ(X) = e−2Υ
(
S(X) + (ξΥ − |dΥ|2h)X + dΥ(X) gradhΥ−∇
ξ
XgradhΥ
)
,
where gradhΥ denotes the gradient vector field of Υ|M with respect to the metric h.
Since the affine metric transforms conformally under a change of τ , the conformal
structure [h] is well-defined. Recall that the conformal density bundle on M is
defined by E [1] = (∧nTM)−1/n. Using affine metric we can define a canonical
isomorphism E(1)|M → E [1] by τ |M 7→ (volh)
−1/n. Thus we identify E(w)|M with
E [w] for each w. The conformally invariant weighted tensor hαβ = τ
2|Mhαβ ∈
E(αβ)[2] is called the conformal metric. We raise and lower the indices with hαβ
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and its inverse hαβ . We put conformal weight −2 on the affine shape operator and
write Sα
β = τ |−2M Sα
β ∈ Eα
β [−2]. Note that Sα
β depends on 1-jet of the scale along
the boundary.
From the transformation laws of the induced connection ∇ξ and the Levi–Civita
connection ∇h, it follows that their difference Aαβ
γ = ∇hα−∇
ξ
α, called the Fubini–
Pick form, is a conformally invariant tensor. This tensor is a fundamental invariant
of M , and it is a classical theorem that the Fubini–Pick form vanishes identically
if and only if M is locally equivalent to the sphere (see [NS] for a proof):
Theorem 4.3 (Blaschke–Pick–Berwald). Let M be a strictly convex hypersurface
in a locally flat projective manifold N of dimension n+1. Then the Fubini-Pick form
vanishes identically if and only if, for each point p ∈M , there exist a neighborhood
U ⊂ N , an open subset V ⊂ Rn+1, and a projective equivalent map ϕ : U → V
such that ϕ(U ∩M) = V ∩ Sn.
As a consequence of the flatness of the projective structure [∇], Aαβγ and Sαβ
have the following symmetries:
Proposition 4.4. The Fubini–Pick form Aαβγ and the affine shape operator Sαβ
satisfy
Aαβγ = A(αβγ), Aαγ
γ = 0, S[αβ] = 0.
Proof. Take a local frame {eα} for TM . Then {e∞ = ξ, eα} forms a local frame for
TN |M . Let {θ
∞, θα} be the dual frame. Since ξ is affine normal, the connection
forms of ∇ satisfy
ωα
β |TM = ω
ξ
α
β , ω∞
β|TM = Sγ
βθγ , ωα
∞|TM = −hαγθ
γ , ω∞
∞|TM = 0,
where ωξα
β is the connection forms of ∇ξ. Thus the curvature forms satisfy
Ωα
∞|TM = −∇
ξ
µhγαθ
µ ∧ θγ , Ω∞
∞|TM = −hµγSα
µθγ ∧ θα.
On the other hand, from Cij
k
l = 0 we have Rij
k
l = 2δ[i
kPj]l so that Ωα
∞|TM =
Ω∞
∞|TM = 0. Therefore we obtain ∇
ξ
[µhγ]α = 0 and S[αγ] = 0. It follows that
Aαβ
γ = (1/2)hγµ∇ξαhβµ and Aαβγ ∈ E(αβγ)[2]. To prove that Aαβγ is trace-free, it
suffices to show ∇ξvolh = 0. For any X,X1, . . . , Xn ∈ Γ(TM), we have
0 = (∇Xτ
−(n+2))(ξ,X1, . . . , Xn)
= X · τ−(n+2)(ξ,X1, . . . , Xn)− τ
−(n+2)(∇Xξ,X1, . . . , Xn)
−
n∑
i=1
τ−(n+2)(ξ,X1, . . . ,∇XXi, . . . , Xn)
= X · volh(X1, . . . , Xn)−
n∑
i=1
volh(X1, . . . ,∇
ξ
XXi, . . . , Xn)
= (∇ξXvolh)(X1, . . . , Xn).
Thus Aαβγ is trace-free. 
4.2. Volume expansion and affine invariants. By an affine invariant of the
boundary, we mean a linear combination of complete contractions of hαβ, R
h
αβγµ,
Aαβγ , Sαβ and their covariant derivatives with respect to ∇
h in a chosen projective
scale. Recall that affine invariants depend only on 1-jet of the projective scale along
the boundary. In this subsection we prove that, given a 1-jet of the projective scale
along the boundary, there exists an appropriate extension of the scale such that the
coefficients cj and L in (3.8) can be written as the integrals of some affine invariants
over M .
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Let ρ ∈ E(2) be a Fefferman defining density and gij be the associated Blaschke
metric on Ω. Until the normalization of the projective scale is involved, we work
in an arbitrary projective scale τ ∈ E(1). Set ρ = τ−2ρ and let ∇ ∈ [∇] be the
representative connection such that ∇τ = 0. By strict convexity of M , there exists
a unique ξ ∈ Γ(TN) near M which satisfies
(4.1) ξρ = 1, ξiXj∇i∇jρ = 0 if Xρ = 0.
We call r := ξiξj∇i∇jρ the transverse curvature. If we take a local frame {eα} for
the subbundle Ker dρ ⊂ TN , the tuple {e∞ = ξ, eα} forms a local frame for TN .
Let {θ∞ = dρ, θα} be the dual frame. Then we have
(4.2) ∇dρ = hαβθ
α ⊗ θβ + rdρ⊗ dρ,
where hαβ is the affine metric on each level set of ρ. The ambient metric g˜IJ satisfies
(4.3) g˜IJ |M =
 0 11 r|M
hαβ
 , g˜IJ |M =
−r|M 11 0
hαβ
 ,
where r := τ−2r.
Lemma 4.5. The vector filed ξ|M agrees with the affine normal field.
Proof. First, using the characterization (4.1) we have
0 = X iξj∇i∇jρ
= X i∇i(ξ
j∇jρ)−X
i∇iξ
j∇jρ
= −dρ(∇Xξ)
for X ∈ Γ(TM). This implies η = 0. Next, if we take {ξ, eα} so that the dual
frame {dρ, θα} satisfies τ−(n+2) = dρ ∧ θ1 ∧ · · · ∧ θn, we have
−1 = J [ρ]|M = det
 0 11 r
hαβ
 = − dethαβ.
Thus, at the boundary it holds that
volh = (dethαβ)
1/2θ1 ∧ · · · ∧ θn = θ1 ∧ · · · ∧ θn = ξy τ−(n+2).
Therefore ξ|M is the affine normal field. 
Let F : M × (−ǫ0, 0] −→ U ⊂ Ω be the diffeomorphism defined by the flow
generated by ξ. Since ξρ = 1 and ρ|M = 0, it holds that the second component
of F−1 equals ρ and F∗∂/∂ρ = ξ. We regard differential forms on M as those on
M × (−ǫ0, 0] by pulling them back with the first projection. Take a local frame
{eα} for Ker dρ such that the frame {e∞ = ξ, eα} is unimodular with respect to
τ−(n+2), and let {θ∞ = dρ, θα} be the dual frame. Then we can write as
F ∗τ−(n+2) = F ∗(dρ ∧ θ1 ∧ · · · ∧ θn)
= v(x, ρ) dρ ∧ θ1|TM ∧ · · · ∧ θ
n|TM
= v(x, ρ) dρ ∧ volh,
for a function v with v(x, 0) = 1. In view of the proof of Theorem 3.4, the coefficients
cj and L are the integrals of the Taylor coefficients in ρ of v(x, ρ) at the boundary.
In order to obtain the expansion of v, we will find a differential equation which v
satisfies. Taking exterior derivatives of both sides of
F ∗(θ1 ∧ · · · ∧ θn) = v(x, ρ) volh,
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we have
(4.4) F ∗d(θ1 ∧ · · · ∧ θn) =
∂v
∂ρ
dρ ∧ volh.
We write the connection forms of ∇ as ωj
i = Γkj
iθk. Since ∇ is torsion-free, it
holds that dθi = θj ∧ ωj
i, and thus we compute as
d(θ1 ∧ · · · ∧ θn) = −ωγ
γ ∧ θ1 ∧ · · · ∧ θn + Γγ∞
γdρ ∧ θ1 ∧ · · · ∧ θn
= (Γγ∞
γ − Γ∞γ
γ) dρ ∧ θ1 ∧ · · · ∧ θn.
From ∇(dρ ∧ θ1 ∧ · · · ∧ θn) = 0 it follows that Γ∞k
k = 0, so we have Γ∞γ
γ =
−Γ∞∞
∞ = r by (4.2). Therefore we obtain
(4.5) F ∗d(θ1 ∧ · · · ∧ θn) = F ∗(trS − r)v dρ ∧ volh,
where S is the affine shape operator on each level set of ρ. From (4.4) and (4.5),
we obtain the following differential equation for v:
(4.6)
{
ξv = (trS − r)v,
v|M = 1.
Here, we have regarded v as a function on U . Thus the expansion of v is reduced
to those of r and trS. We will work in a special local frame:
Lemma 4.6. Let {eα} be a local frame for TM which is unimodular with respect
to h. If one extends {eα} by the parallel transport relative to ∇ along the integral
curves of ξ, then it becomes a local frame for Ker dρ ⊂ TN .
Proof. We set f = dρ(eα) for fixed α. By ∇ξeα = 0 and (4.2), we have ξf =
(∇ξdρ)(eα) = rf . Thus f is the solution to the ODE ξf = rf , f |M = 0. It follows
that f = 0 and so eα ∈ Ker dρ. 
We call {e∞ = ξ, eα} an adapted frame for TN when {eα} is given as above. In
an adapted frame, the connection forms of ∇ are given by
(4.7)
ωα
β = ωξα
β , ω∞
α = Sγ
αθγ + Cαdρ,
ωβ
∞ = −hβγθ
γ , ω∞
∞ = −rdρ,
where Cα is a function, and ωξα
β restricts to the connection form of the induced
connection on each level set and satisfies ωξα
β(ξ) = 0. In the sequel, we will derive
equations for the computation of the expansions of Sα
β , hαβ, C
α, r, and Pij in a
fixed adapted frame.
First, the structure equation Ωi
j = dωi
j − ωi
k ∧ ωk
j gives
Ω∞
β =
(
ξ Sα
β + Sα
γSγ
β + rSα
β −∇ξαC
β
)
dρ ∧ θα +∇ξαSγ
βθα ∧ θγ ,
Ωα
∞ =
(
ξ hαβ − rhαβ + hαγSβ
γ
)
θβ ∧ dρ−∇ξβhαγθ
β ∧ θγ ,
Ω∞
∞ =
(
Cγhγα + rα
)
dρ ∧ θα + Sγ
µhµβθ
γ ∧ θβ ,
Ωα
β ≡
(1
2
Rξγµ
β
α + hαγSµ
β
)
θγ ∧ θµ mod dρ,
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where Rξγµ
β
α is the curvature tensor of ∇
ξ. Comparing the coefficients of both
sides of the above equations and using Cij
k
l = Rij
k
l − 2δ[i
kPj]l = 0, we have
ξ Sα
β + Sα
γSγ
β + rSα
β −∇ξαC
β + δα
βP∞∞ = 0,(4.8)
∇ξ[αSγ]
β − δ[α
βPγ]∞ = 0,(4.9)
ξ hαβ − rhαβ + hαγSβ
γ + Pαβ = 0,(4.10)
Cγhγα + rα − Pα∞ = 0,(4.11)
Rξγµ
β
α + 2hα[γSµ]
β − 2δ[γ
βPµ]α = 0.(4.12)
The contractions of (4.9) and (4.12) yield
(n− 1)Pα∞ +∇
ξ
α(trS)−∇
ξ
γSα
γ = 0,(4.13)
(n− 1)Pαβ − Ric
ξ
αβ − Sαβ + (trS)hαβ = 0,(4.14)
where Ricξαβ is the Ricci tensor of ∇
ξ.
Next, we take the exterior derivatives of both sides of
Ωα
β = dωα
β − ωα
γ ∧ ωγ
β − ωα
∞ ∧ ω∞
β
and compare the coefficients of dρ ∧ θγ ∧ θµ to obtain
δ[γ
βξPµ]α + δ[γ
βSµ]
νPνα − δ[γ
β∇ξµ]Pα∞ + hα[γδµ]
βP∞∞ = 0.
Taking the trace of the equation, we have
(4.15) ξPαβ + Sα
γPγβ −∇
ξ
αPβ∞ − P∞∞hαβ = 0.
We shall derive an equation for r from the Monge–Ampe`re equation. If we write
τ−(n+2) = eϕdρ ∧ θ1 ∧ · · · ∧ θn
with a function ϕ, we have
0 = ∇ξτ
−(n+2) = (ξϕ − Γ∞j
j)τ−(n+2) = (ξϕ + r)τ−(n+2)
and thus
(4.16) ξϕ = −r.
Let ψi
j be the Levi–Civita connection forms of gij with respect to the frame
{e∞, eα}. Then, since
volg = det τ (gij)
1/2 τ−(n+2) = det τ (gij)
1/2 eϕdρ ∧ θ1 ∧ · · · ∧ θn,
we have
ψk
k = d log
(
det τ (gij)
1/2 eϕ
)
=
1
2
d log det τ (gij) + dϕ,
which gives
(4.17) ξ log det τ (gij) = 2ψk
k(ξ) + 2r.
by (4.16). In the adapted frame, the Blaschke metric is given by
g =
h˜αβ
−2ρ
θa · θβ − 2Pα∞ θ
α · dρ+
1− 2rρ− 4ρ2P∞∞
4ρ2
dρ2,
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where h˜αβ = hαβ + 2ρPαβ. Therefore, setting h˜
αβ = (h˜αβ)
−1, we have
2ψk
k(ξ) = ξ log det
(
(1− 2rρ− 4ρ2P∞∞)/4ρ
2 −Pβ∞
−Pα∞ h˜αβ/(−2ρ)
)
= ξ log det
(
(1 − 2rρ− 4ρ2P∞∞)/4ρ
2 + 2ρh˜γµPγ∞Pµ∞ −Pβ∞
0 h˜αβ/(−2ρ)
)
= −(n+ 2)ρ−1 + ξ log det(h˜αβ)
+ ξ log
(
1− 2rρ− 4ρ2P∞∞ + 8ρ
3 h˜γµPγ∞Pµ∞
)
.
By (4.10) we also have
ξ log det(h˜αβ) = h
αβξ hαβ + ξ log det
(
δα
β + 2ρhβγPγα
)
= nr − trS − hαβPαβ + ξ log det
(
δα
β + 2ρhβγPγα
)
.
Consequently the right-hand side of (4.17) is written as
2ψk
k(ξ) + 2r = −(n+ 2)ρ−1 + ξ log
(
1− 2rρ− 4ρ2P∞∞ + 8ρ
3 h˜γµPγ∞Pµ∞
)
+ ξ log det
(
δα
β + 2ρhβγPγα
)
+ (n+ 2)r − trS − hαβPαβ .
On the other hand, by the approximate Monge–Ampe`re equation (3.7), we have
(−2ρ)n+2 det τ (gij) = 1−O ρ
n/2+1,
where O = τn+2O. (We will write the formulas only in the case where n is even;
when n is odd, terms which come from O ρn/2+1 are replaced by O(ρ∞).) It follows
that the left-hand side of (4.17) satisfies
(n+ 2)ρ−1 + ξ log det τ (gij) = −
(n
2
+ 1
)
O ρn/2 +O(ρn/2+1).
As a result we obtain
(4.18) (n+ 2)r + ξ log
(
1− 2rρ− 4ρ2P∞∞ + 8ρ
3 h˜γµPγ∞Pµ∞
)
+ ξ log det
(
δα
β + 2ρhβγPγα
)
− trS − hαβPαβ
= −
(n
2
+ 1
)
O ρn/2 +O(ρn/2+1).
Finally we consider the expansion of P∞∞, which involves a normalization of the
projective scale. We set
S =
{
τI =
(
τ
µi
)
∈ Γ(M, E˜I)
∣∣ τ > 0, X i(∇iτ − µi) = 0 for X i ∈ TM}.
Note that the condition X i(∇iτ − µi) = 0 is independent of the choice of ∇ ∈ [∇]
since it is the projecting part of X i∇iτI . The set S can be viewed as the space
of 1-jets of projective scales at the boundary M , so a choice of an element of S
determines affine invariants on M . For each τI ∈ S, we construct a projective scale
near M as follows: Take the affine normal field ξ along the boundary, which is
determined by τI . Then we extend τI by the parallel transport with respect to the
tractor connection along the geodesic paths of [∇] with initial velocity ξ. The top
slot of the extension of τI is positive near M so it defines a projective scale whose
1-jet is given by τI . We call a projective scale constructed in this way a normalized
scale. A global affine scale τ is a normalized scale since DIτ is a parallel tractor by
Proposition 2.2.
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Lemma 4.7. Let τ ∈ E(1) be a normalized scale and ∇ ∈ [∇] the corresponding
representative connection. Let c be the geodesic of ∇ whose initial velocity is given
by the affine normal field ξ. Then the velocity vector field V i of c satisfies
PijV
iV j = 0,
where Pij is the projective Schouten tensor of ∇.
Proof. Let τI = (τ, µi) be the extension of the 1-jet of τ by the parallel transport
along c. By the normalization condition on τ it holds that
(4.19) 0 = V i∇i
(
τ
µj
)
τ
=
(
−V iµi
V i∇iµj + V
iPijτ
)
.
Since V j∇jV
i = 0, the first slot of (4.19) implies
0 = V j∇j(V
iµi) = V
jV i∇jµi.
Then it follows from the second slot of (4.19) that
0 = V iV j∇iµj + V
iV jPijτ = V
iV jPijτ.
Thus we have PijV
iV j = 0. 
We write V = V∞ξ+V αeα with an adapted frame {ξ, eα}. Then since∇V V = 0,
PijV
iV j = 0 and V |M = ξ, we have
(4.20)

V∞ξ V∞ + V γeγV
∞ − r(V∞)2 − hγµV
γV µ = 0,
V∞ξ V α + V γ∇ξγV
α + Sγ
αV γV∞ + Cα(V∞)2 = 0,
(V∞)2P∞∞ + 2Pγ∞V
γV∞ + PγµV
γV µ = 0,
V∞|M = 1,
V α|M = 0.
These equations enable us to compute the expansion of P∞∞ together with the
expansions of V∞ and V α.
Now we have completed the derivation of all equations that we use in the calcu-
lation of expansions of affine invariants. We will need some commutation relations
in the computations. In the following lemma, we present the commutation relation
for a tensor tβ
γ , but the equation can be extended in an obvious way for general
type of tensors.
Lemma 4.8. Let {ξ, eα} be an adapted frame. For a tensor field tβ
γ ∈ Γ(Ker dρ⊗
(Ker dρ)∗), one has
ξ∇ξαtβ
γ = ∇ξα(ξ tβ
γ)− Sα
µ∇ξµtβ
γ +
(
Cγhαµ − δα
γPµ∞
)
tβ
µ
−
(
Cµhαβ − δα
µPβ∞
)
tµ
γ .
Proof. We extend tβ
γ to tj
k by setting t∞
γ = tβ
∞ = t∞
∞ = 0. By (4.7), we have
∇∞∇αtβ
γ = ξ∇αtβ
γ + Cγ∇αtβ
∞ = ξ∇ξαtβ
γ − Cγhαµtβ
µ.
Using Rij
k
l = 2δ[i
kPj]l, we also have
∇∞∇αtβ
γ = ∇α∇∞tβ
γ −R∞α
µ
βtµ
γ +R∞α
γ
µtβ
µ
= ∇ξα(ξ tβ
γ)− Sα
µ∇ξµtβ
γ − hαβC
µtµ
γ + Pβ∞tα
γ − δα
γPµ∞tβ
µ.
Comparing the above two expressions for∇∞∇αtβ
γ , we obtain the desired equation.

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Proposition 4.9. Let τ ∈ E(1) be a normalized projective scale and ρ ∈ E(2) a
Fefferman defining density. Then in an adapted frame {ξ, eα}, the boundary values
of
ξk+1Sα
β , ξk+1hαβ , ξ
k+1Pαβ , ξ
k+1V∞, ξk+1V α,
ξkr, ξkPα∞, ξ
kP∞∞, ξ
kCα
are determined by (4.8), (4.10), (4.11), (4.13), (4.14), (4.15), (4.18), and (4.20)
for k ≤ n/2 − 1 when n is even and for all k when n is odd. Moreover they are
expressed in terms of hαβ, Sα
β, Richαβ, Aαβγ and their covariant derivatives with
respect to ∇h.
The proof is given by the induction on k; we differentiate the equations in the ξ-
direction repeatedly and use Lemma 4.8 to obtain the Taylor coefficients as tensors
on the boundary. If we differentiate (4.18) k times, the coefficient of ξkr becomes
n− 2k, so when n is even, ξkr|M is determined up to k = n/2− 1. When k = n/2,
we obtain the expression of the obstruction O in terms of tensors on the boundary.
By (4.6) and Proposition 4.9, we obtain the following theorem:
Theorem 4.10. Let τ ∈ E(1) be a normalized projective scale. Then the coefficients
cj and L in the volume expansion (3.8) are given by the integrals of linear com-
binations of complete contractions of hαβ, Ric
h
αβ, Sα
β, Aαβγ and their covariant
derivatives with respect to ∇h.
4.3. Explicit calculations. We calculate the expansion of v and present an ex-
plicit formula for L when n = 2. Setting ρ = 0 in (4.14), we have
(4.21)
(n− 1)Pαβ |M = Ric
ξ
αβ + Sαβ − (trS)hαβ
= Richαβ − (δA)αβ −AαµνAβ
µν + Sαβ − (trS)hαβ,
where (δA)αβ := ∇
h
γAαβ
γ . Then setting ρ = 0 in (4.18) gives
(4.22)
r|M =
1
n
(
trS − hαβPαβ |M
)
=
2
n
trS −
1
n(n− 1)
(
Scalh − |A|
2
)
.
By (4.6) we have
ξv|M = trS − r|M =
1
n(n− 1)
(
Scalh − |A|
2
)
+
n− 2
n
trS.
Therefore, when n = 2, L agrees with a nonzero multiple of
(4.23) 4πχ(M)−
∫
M
|A|2volh
by the Gauss–Bonnet theorem.
We will give a formula for L when n = 4 in a suitably chosen scale in §5.5.
5. Conformal Codazzi structure
5.1. Correspondence between projective and conformal tractor bundles.
Let (N, [∇]) be an (n+1)-dimensional locally flat projective manifold and let M ⊂
N be a strictly convex hypersurface. Then we have two bundles over M : the
restriction of the projective tractor bundle E˜I and the conformal tractor bundle for
the affine metric, which we denote by EI . We will see that there exists a canonical
isomorphism between these two bundles.
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First we recall the conformal tractor bundle and conformal tractor connection.
For each choice of a conformal scale κ ∈ E [1], the conformal tractor bundle is
expressed as
EI
κ
∼=
E [1]
⊕
Eα[−1]
⊕
E [−1]
.
If we change the scale as κ̂ = e−Υκ, the expression transforms as
(5.1)
 σ̂µ̂α
ϕ̂
 =
 σµα +Υασ
ϕ−Υγµ
γ − 12ΥγΥ
γσ
 .
The tractor metric hIJ ∈ E(IJ) is a conformally invariant symmetric form defined
by
hIJU
IU ′
J
= hαβµ
αµ′
β
+ σϕ′ + ϕσ′,
where U I = t(σ, µα, ϕ) and U ′
I
= t(σ′, µ′
α
, ϕ′). When n ≥ 3, the conformal tractor
connection is defined by
(5.2) ∇α
 σµβ
ϕ
 =
 ∇hασ − µα∇hαµβ + δαβϕ+ P hα βσ
∇hαϕ− P
h
αγµ
γ
 ,
where
P hαβ =
1
n− 2
(
Richαβ −
Scalh
2(n− 1)
hαβ
)
is the (conformal) Schouten tensor of the representative metric hαβ = κ
−2hαβ . The
tractor connection is conformally invariant and preserves the tractor metric. The
curvature of the connection is given by
(5.3) Ωαβ
K
L =
 0 0 02Yαβγ Whαβγδ 0
0 −2Yαβδ 0
 ,
where
Yαβγ = ∇
h
[αP
h
β]γ
is the Cotton–York tensor and
Whαβγδ = R
h
αβγδ − 2
(
hγ[αP
h
β]δ − hδ[αP
h
β]γ
)
is the conformal Weyl tensor. When n = 2, we need an additional structure on
(M, [h]) in order to define a tractor connection. For a fixed conformal scale κ ∈ E [1],
we set
(5.4) Pαβ = P
κ
αβ := tfSαβ −
1
2
(δA)αβ +
1
4
Scalhhαβ ∈ E(αβ),
where tfSαβ denotes the trace-free part of Sαβ with respect to hαβ . Then, by
Proposition 4.2 and 4.4, it holds that
Pα
α =
1
2
Scalh
and
P̂αβ = Pαβ −∇
h
αΥβ +ΥαΥβ −
1
2
ΥγΥ
γhαβ
for a rescaling κ̂ = e−Υκ. These are the equations described in [R, Definition 2.2]
so Pαβ defines a Mo¨bius structure on (M, [h]) in the sense of [R]. (See also [C] for
Mo¨bius structures.) We denote the set {Pκαβ | 0 < κ ∈ E [1]} by [P]. The tensor
Pαβ satisfies R
h
αβγδ = 2hγ[αPβ]δ − 2hδ[αPβ]γ, so it is a 2-dimensional analogue
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of the conformal Schouten tensor. We set P hαβ := Pαβ for a Mo¨bius surface and
define the Mo¨bius tractor connection by (5.2). The curvature is given by (5.3) with
Whαβγδ = 0.
Let us denote the inclusion map by ι :M → N . The isomorphism between E˜I |M
and EI is given by the following proposition:
Proposition 5.1. Let τ ∈ E(1) be a projective scale and set J ′ = 12(n−1) (Scalh −
|A|2) ∈ E [−2] and ξi = τ−2ξi ∈ E i(−2)|M , where ξ
i is the affine normal field. Then
the bundle isomorphism
Φ : EI
τ |M
∼=
E [1]
⊕
Eα[−1]
⊕
E [−1]
∋
 σµα
ϕ
 7−→ ( ι∗µα + σξi
ϕ− 1n (trS − J
′)σ
)
∈
E i(−1)|M
⊕
E(−1)|M
τ
∼= E˜I |M
is independent of τ . Moreover, if ρ ∈ E(2) is a Fefferman defining density of M ,
it holds that Φ∗g˜IJ = hIJ , where g˜IJ = DIDJρ is the ambient metric.
Proof. Let τ̂ = e−Υτ be another projective scale. By Proposition 4.2 and (5.1), we
have
ι∗µ̂
α + σ̂ξ̂
i
= ι∗µ
α + σι∗Υ
α + σ(ξi − ι∗Υ
α)
= ι∗µ
α + σξi,
ϕ̂−
1
n
(trŜ − Ĵ ′)σ̂ = ϕ−Υγµ
γ −
1
2
ΥγΥ
γσ −
1
n
(
trS − J ′ + n ξiΥi −
n
2
ΥγΥ
γ
)
σ
= ϕ−
1
n
(trS − J ′)σ −Υi(ι∗µ+ σξ
i).
This agrees with the transformation formula for the projective tractor, so Φ is
invariant under rescaling. Let ρ be a Fefferman defining density of M . Using (4.3)
and (4.22), we have
(Φ∗g˜IJ)U
IU ′
J
= hαβµ
αµ′
β
+ r|Mσσ
′ +
(
ϕ−
1
n
(trS − J ′)σ
)
σ′
+ σ
(
ϕ′ −
1
n
(trS − J ′)σ′
)
= hαβµ
αµ′
β
+ ϕσ′ + σϕ′
= hIJU
IU ′
J
for U I = t(σ, µα, ϕ) and U ′
I
= t(σ′, µ′
α
, ϕ′). Thus Φ∗g˜IJ = hIJ holds. 
Remark 5.2. The correspondence between the projective and conformal tractor
bundles is also considered by Cˇap and Gover [CˇG2] in the context of projective
compactification. In our setting, when ∇ ∈ [∇] is a representative connection
corresponding to a projective scale τ and ρ = τ2ρ is a Fefferman defining density,
the connection ∇′ = ∇ − (2ρ)−1dρ is projectively compact of order 2 and the
isomorphism described in [CˇG2] agrees with the one given above.
5.2. Comparison of connections on the conformal tractor bundle. We de-
note by ∇projα the restriction of the projective tractor connection to E˜
I |M , and set
∇α := Φ
−1 ◦ ∇projα ◦ Φ. A calculation shows that the flat connection ∇ and the
conformal (Mo¨bius) tractor connection ∇ are related as
(5.5) ∇αU
J = ∇αU
J − A˜αK
JUK , A˜αK
J =
 0 0 0Eαβ Aαγβ 0
Fα Gαγ 0
 ,
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where
(5.6)
Eαβ = −tfSαβ −
1
n
J ′hαβ + P
h
αβ ∈ E(αβ),
Gαβ = Pαβ +
1
n
(trS − J ′)hαβ − P
h
αβ ∈ E(αβ),
Fα = τ
−2Pα∞ +
1
n
∇hα(trS − J
′) ∈ Eα[−2]
in any projective scale τ ∈ E(1). By (4.14), it holds that Eγ
γ +Gγ
γ = 0.
The following proposition asserts that the flatness of the connection ∇ deter-
mines Eαβ , Gαβ , Fα and imposes some equations on Aαβγ :
Proposition 5.3. Let ∇ be a connection on EI of the form (5.5) with some tensors
Eαβ ∈ E(αβ), Gαβ ∈ E(αβ), Fα ∈ Eα[−2] and Aαβγ ∈ E(αβγ)0 [2] in a fixed conformal
scale. We assume that Eγ
γ +Gγ
γ = 0. When n = 2, we also assume that tf(Eαβ −
Gαβ) = 0. Then ∇ is flat if and only if the following two conditions hold:
(i) The tensors Eαβ, Gαβ and Fα satsify
Eαβ = −
1
n
(δA)αβ + P
A
αβ ,(5.7)
Gαβ = −
1
n
(δA)αβ − P
A
αβ ,(5.8)
Fα =
1
n(n− 1)
(δ2A)α +
1
n− 1
Aα
µν(P hµν − P
A
µν),(5.9)
where
PAαβ =

1
n− 2
(
AαµνAβ
µν −
|A|2
2(n− 1)
hαβ
)
(n ≥ 3)
1
4
|A|2hαβ (n = 2).
(ii) The tensor Aαβγ satisfies the Gauss equation
2 tf(Aνγ[αAβ]µ
ν) +Whαβγµ = 0 (n ≥ 4),(5.10)
∇h[αP
A
β]γ +
1
3
Aµγ[α(δA)β]
µ − Yαβγ = 0 (n = 3),(5.11)
∇hα|A|
2 + 2Aα
µν(δA)µν − 8Yαµ
µ = 0 (n = 2),(5.12)
and the Codazzi equation
∇h[αAβ]γµ −
1
n
(
hµ[α(δA)β]γ + hγ[α(δA)β]µ
)
= 0 (n ≥ 3),(5.13)
∇h[α(δ
2A)β] + 4P
h
µ[α(δA)β]
µ − 2Aγµ[α∇
h
β]P
h
γµ = 0 (n = 2).(5.14)
Proof. We denote the curvature of∇α and∇α by Ω
∇
αβM
K and Ω∇αβM
K respectively.
Then we can compute as
(1/2)Ω∇αβM
K = −∇[αA˜β]M
K − A˜[α|M|
LA˜β]L
K + (1/2)Ω∇αβM
K
=
 0 0 0Ωαβ∞γ Ωαβµγ 0
Ωαβ∞
0 Ωαβµ
0 0
 ,
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where
Ωαβµ
γ = −∇h[αAβ]µ
γ − hµ[αEβ]
γ − δ[α
γGβ]µ −Aνµ[αAβ]
γν +
1
2
Whαβ
γ
µ,(5.15)
Ωαβ∞
γ = −∇h[αEβ]
γ + P hν[αAβ]
νγ − δ[α
γFβ] − Eν[αAβ]
γν + Yαβ
γ ,(5.16)
Ωαβµ
0 = −∇h[αGβ]µ + P
h
ν[αAβ]µ
ν − hµ[αFβ] −Aνµ[αGβ]
ν − Yαβµ,(5.17)
Ωαβ∞
0 = −∇h[αFβ] + P
h
ν[αEβ]
ν + P hν[αGβ]
ν − Eν[αGβ]
ν .(5.18)
By taking the symmetric part of (5.15), we have
Ωαβ(µγ) = −∇
h
[αAβ]µγ −
1
2
hµ[α(Eβ]γ +Gβ]γ)−
1
2
hγ[α(Eβ]µ +Gβ]µ).
Using the assumption Eγ
γ + Gγ
γ = 0, we see that Ωαβ(µγ) = 0 if and only if
Eβγ + Gβγ = −(2/n)(δA)βγ and Aαβγ satisfies (5.13). Note that the equation
(5.13) always holds when n = 2 since a tensor Kαβµγ = K[αβ](µγ) is determined by
the trace Kαβ
α
γ . Next we take the skew symmetric part of (5.15) to obtain
2Ωαβ[µγ] = −hµ[α(Eβ]γ −Gβ]γ) + hγ[α(Eβ]µ −Gβ]µ)− 2Aνµ[αAβ]γ
ν +Whαβγµ.
It follows that when n ≥ 3, Ωαβ[µγ] = 0 if and only if Eβγ − Gβγ = 2P
A
βγ and
Aαβγ satisfies (5.10), but in the case n = 3 the equation (5.10) becomes vacuous
since a tensor with the Weyl curvature symmetry automatically vanishes. When
n = 2, using Whαβγµ = 0 and the fact that a tensor Kαβµγ with the Riemannian
curvature symmetry is determined by its trace Kαβ
αβ , we see that Ωαβ[µγ] = 0 if
and only if Eγ
γ −Gγ
γ = |A|2. Since we have assumed that tf(Eβγ −Gβγ) = 0, this
is equivalent to Eβγ −Gβγ = (1/2)|A|
2hβγ .
Thus the condition Ωαβµγ = 0 determines Eαβ and Gαβ as in (5.7) and (5.8),
and imposes the equations (5.10) and (5.13).
By (5.7), (5.8), (5.16) and (5.17), we have
Ωγβ∞
γ +Ωγβ
γ0 =
1
n
(δ2A)β +Aβ
γµ(P hµγ − P
A
µγ)− (n− 1)Fβ ,
Ωγβ∞
γ − Ωγβ
γ0 = ∇hβP
A
γ
γ −∇hγP
A
β
γ +
1
n
Aβ
µγ(δA)µγ − 2Yβγ
γ .
When n ≥ 3, as Yβγ
γ = 0, we see that Ωγβ∞
γ − Ωγβ
γ0 = 0 follows from (5.13),
so the condition Ωγβ∞
γ = Ωγβ
γ0 = 0 is equivalent to the equation (5.9). On the
other hand, when n = 2 it holds that
Ωγβ∞
γ − Ωγβ
γ0 =
1
4
∇hβ |A|
2 +
1
2
Aβ
µγ(δA)µγ − 2Yβγ
γ .
Therefore Ωγβ∞
γ = Ωγβ
γ0 = 0 is equivalent to (5.9) and (5.12).
Let us consider the Bianchi identity
∇[νΩ
∇
αβ]M
K − A˜[ν|L|
KΩ∇αβ]M
L +Ω∇[να|L|
KA˜β]M
L = 0.
When Ωαβµγ = 0, the above equation for (M,K) = (µ, γ) and (M,K) = (∞, γ)
gives
hµ[νΩαβ]∞
γ + δ[ν
γΩαβ]µ
0 = 0,(5.19)
∇h[νΩαβ]∞
γ + δ[ν
γΩαβ]∞
0 −Aγδ[νΩαβ]∞
δ = 0.(5.20)
Taking the traces of (5.19) under the condition Ωγβ∞
γ = Ωγβ
γ0 = 0, we have
(n− 2)Ωαβ∞
γ +Ωαβ
γ0 = 0, Ωαβ∞
γ + (n− 2)Ωαβ
γ0 = 0.
It follows that Ωαβ∞
γ = Ωαβ
γ0 = 0 when n 6= 3 and that Ωαβ∞
γ+Ωαβ
γ0 = 0 when
n = 3. Then, when n 6= 3 the equation (5.20) implies (n − 2)Ωαβ∞
0 = 0 so that
∇ is flat when n ≥ 4. When n = 2, it follows from (5.18), (5.7), (5.8), and (5.9)
that Ωαβ∞
0 = 0 is equivalent to the equation (5.14). When n = 3, the equation
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Ωαβ∞
γ = Ωαβ
γ0 = 0 holds if and only if Ωαβ∞
γ−Ωαβ
γ0 = 0, which is equivalent to
(5.11), and if the equation holds, Ωαβ∞
0 = 0 follows from (5.20). Thus we complete
the proof. 
Remark 5.4. When n = 2 there are surfaces which have the same conformal
structure and the same Fubini–Pick form but have different Mo¨bius structures, so
we need the condition tf(Eαβ −Gαβ) = 0 to fix a Mo¨bius structure. In the case of
∇α = Φ
−1 ◦∇projα ◦Φ, we can directly prove the equations (5.7) and (5.8) by using
(4.14), (5.4) and the fact that Ricαβ = (1/2)Scalhhαβ, AαµνAβ
µν = (1/2)|A|2hαβ .
Comparing (5.6) with (5.7) and (5.8), we obtain the following identities:
tfSαβ =
1
n
(δA)αβ + tf(P
h
αβ − P
A
αβ),(5.21)
tfPαβ = −
1
n
(δA)αβ + tf(P
h
αβ − P
A
αβ).(5.22)
Next we compare the Levi–Civita connection ∇˜ of the ambient metric and the
conformal tractor connection. We decompose A˜αJ
K into the symmetric and the
skew symmetric parts:
A˜αJ
K = A˜′αJ
K + A˜′′αJ
K , A˜′αJK = A˜α(JK), A˜
′′
αJK = A˜α[JK].
Then we have the following proposition:
Proposition 5.5. Let ρ be a Fefferman defining density and let ∇˜I be the Levi–
Civita connection of the ambient metric g˜IJ = DIDJρ. Then the restriction ∇˜α is
well-defined and satisfies
Φ−1 ◦ ∇˜α ◦ Φ = ∇α − A˜
′′
αJ
K ,
where ∇α is the conformal (Mo¨bius) tractor connection. In particular, Φ
−1 ◦ ∇˜α ◦
Φ = ∇α if and only if Aαβγ = 0.
Proof. Since DI is flat, the connection ∇˜I satisfies ∇˜I = DI+Γ˜IJ
K , where Γ˜IJK =
(1/2)DIDJDKρ ∈ E˜(IJK)(−1). It follows that T
I∇˜Iν
J = 0 for any νI ∈ E˜I , so
one can define ∇˜iν
J invariantly and hence ∇˜αν
J is well-defined on E˜I |M . The
projecting part of Γ˜IJK is computed as
2Γ˜ijk = ∇i∇j∇kρ+ 2ρ∇iPjk + 2Pjk∇iρ+ Pij∇kρ+ Pik∇jρ.
We fix a projective scale τ ∈ E(1), and work in an adapted frame {e∞ = ξ, eα}.
Using (4.7), (4.22), and (5.6), we can show that the identities
Γ˜αβγ = Aαβγ , Γ˜αβ∞ =
1
2
(Eαβ +Gαβ), Γ˜α∞∞ = Fα
hold on the hypersurface M . It follows that
Φ∗Γ˜αJ
K =
 0 0 01
2 (Eα
γ +Gα
γ) Aαβ
γ 0
Fα
1
2 (Eαβ +Gαβ) 0
 = A˜′αJK .
Thus we have Φ−1 ◦ ∇˜α ◦ Φ =∇α + A˜
′
αJ
K = ∇α − A˜
′′
αJ
K .
By (5.7) and (5.8), it holds that
A˜′′αJK =
 0 0 0PAαγ 0 0
0 −PAαβ 0
 .
Since trPA = (1/2(n− 1))|A|2, the condition A˜′′αJK = 0 is equivalent to Aαβγ =
0. 
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5.3. Conformal Codazzi manifold. As an intrinsic geometric structure of a hy-
persurface in a locally flat projective manifold, we define the conformal Codazzi
structure as follows:
Definition 5.6. Let M be a C∞-manifold of dimension n. When n ≥ 3, a confor-
mal Codazzi structure is a pair ([h], Aαβγ), where [h] is a conformal structure and
Aαβγ ∈ E(αβγ)0 [2] satisfies the Gauss–Codazzi equations (5.10), (5.13) for n ≥ 4
and (5.11), (5.13) for n = 3. When n = 2, a conformal Codazzi structure is a triad
([h], [P], Aαβγ), where [h] is a conformal structure, [P] is a Mo¨bius structure and
Aαβγ ∈ E(αβγ)0 [2] satisfies the Gauss–Codazzi equations (5.12), (5.14).
We will call (M, [h], Aαβγ) a conformal Codazzi manifold, suppressing the Mo¨bius
structure [P] when n = 2. On the conformal tractor bundle over a conformal
Codazzi manifold, there is a flat connection ∇ defined by (5.5) with (5.7), (5.8),
and (5.9). We call the connection ∇ the conformal Codazzi tractor connection.
We observe that when Aαβγ satisfies the Gauss–Codazzi equations, then A
∗
αβγ :=
−Aαβγ also satisfies the equations. We call ([h], A
∗
αβγ) the dual conformal Codazzi
structure. The corresponding conformal Codazzi tractor connection ∇∗ is given by
∇
∗
α = ∇α − A˜
′
αJ
K + A˜′′αJ
K ,
and called the dual conformal Codazzi tractor connection. It is the dual connection
of ∇ with respect to the conformal tractor metric hIJ in the sense that
∇hα(hIJU
IV J) = hIJ (∇αU
I)V J + hIJU
I(∇∗αV
J)
holds for U I , V I ∈ EI .
Recall from [BEG] that the conformal tractor connection is defined via the pro-
longation of the conformal-to-Einstein equation tf(∇hα∇
h
βσ+P
h
αβσ) = 0 for σ ∈ E [1].
We will see that when n ≥ 3 the conformal Codazzi tractor connection is also de-
fined via the prolongation of a conformally invariant differential equation. We set
Pαβ := −
1
n
(δA)αβ + tf(P
h
αβ − P
A
αβ) ∈ E(αβ)0 .
WhenM is a hypersurface of a locally flat projective manifold, the tensor Pαβ agrees
with tfPαβ by (5.21). We consider a conformally invariant differential equation
(5.23) tf(∇hα∇
h
βσ) +Aαβ
γ∇hγσ + Pαβσ = 0
for a density σ ∈ E [1]. Suppose that σ is a solution to (5.23) and set µα = ∇
h
ασ.
Then there exists a density ϕ ∈ E [−1] such that
(5.24) ∇hαµβ +Aαβ
γµγ + ϕhαβ +
(
−
1
n
(δA)αβ + P
h
αβ − P
A
αβ
)
σ = 0.
Thus the 2-jet of σ at a point x ∈M is determined by (σx, (µα)x, ϕx). If we change
the conformal scale by Υ, the triad t(σ, µα, ϕ) transforms as (5.1). Therefore we
have the following isomorphism:
EI ∼= {j
2σ ∈ J2E [1] | tf(∇hα∇
h
βσ) +Aαβ
γ∇hγσ + Pαβσ = 0},
where j2σ denotes the 2-jet of σ and J2E [1] denotes the jet bundle. Taking the
divergence of (5.24) and using (5.13), we have
∇hαϕ+ (Eαγ − P
h
αγ)µ
γ + Fασ = 0.
It follows that the linear connection on EI defined by the prolongation of the equa-
tion (5.23) coincides with ∇. Thus, σ ∈ E [1] is a solution to (5.23) if and only if
there exist µα ∈ Eα[1] and ϕ ∈ E [−1] such that
∇α
 σµβ
ϕ
 = 0.
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We shall consider the dual of this construction. We set
Sαβ :=
1
n
(δA)αβ + tf(P
h
αβ − P
A
αβ) ∈ E(αβ)0 .
The tensor Sαβ is the dual of Pαβ and agrees with tfSαβ by (5.21) when M is
a hypersurface of a locally flat projective manifold. The dual conformal Codazzi
tractor connection ∇∗ is given by the prolongation of the equation dual to (5.23):
(5.25) tf(∇hα∇
h
βσ)−Aαβ
γ∇hγσ + Sαβσ = 0.
A conformal scale σ ∈ E [1] is a solution to (5.23) or (5.25) if and only if it holds
in the scale σ that Pαβ = 0 or Sαβ = 0 respectively. Since ∇ and ∇
∗ are flat, such
a scale always exists locally. Thus we obtain the following proposition:
Proposition 5.7. Let (M, [h], Aαβγ) be a conformal Codazzi manifold of dimension
n ≥ 3. Then there exists a local conformal scale for which Pαβ = 0 holds, and there
also exists one for which Sαβ = 0.
5.4. Projective Bonnet theorem. We will prove that the conformal Codazzi
structure recovers the local immersion to the projective space and hence it has
complete information on the local geometric structure of a hypersurface in a locally
flat projective manifold.
Theorem 5.8. Let (M, [h], Aαβγ) be a conformal Codazzi manifold of dimension
n ≥ 2. Then for any point p0 ∈ M there exists a neighborhood U ⊂ M and
an immersion f : U → RPn+1 such that the induced conformal Codazzi structure
agrees with ([h], Aαβγ).
Proof. We denote by T the conformal tractor bundle over M . Let Ψ ∈ ∧n+2T ∗
be the volume form of the tractor metric. Then since A˜αJ
J = 0, the conformal
Codazzi tractor connection ∇ preserves Ψ. It follows from the flatness of ∇ that
there exist a neighborhood U of any point p0 ∈ M and a frame {eI} for T |U
which is parallel with respect to ∇ and unimodular with respect to Ψ. We write
φ : T |U → U × R
n+2 for the trivialization via the frame {eI}. Then we have
φ(∇XV ) = Xφ(V ) for X ∈ Γ(TU) and V ∈ Γ(T |U ). Since T contains E [−1] as
a line subbundle, we can define the map f : U → RPn+1 by f(p) := [φ(E [−1]p)].
Let T˚ and E˚(−1) be respectively the projective tractor bundle over RPn+1 and the
projective density bundle of weight −1 over RPn+1. Then T˚ is the trivial bundle
and E˚(−1) coincides with the tautological line bundle. Moreover the conformal
Codazzi tractor connection on T˚ , which we denote by ∇˚, is the canonical flat
connection on RPn+1 × Rn+2. By the definition of f it holds that
f∗T˚ = T |U , f
∗
∇˚ =∇, f∗E˚(−1) = E [−1].
Let (x0, . . . , xn+1) be the homogeneous coordinates on RPn+1. As we may assume
that f(U) ⊂ {x0 6= 0}, we identify f with a map to the affine space Rn+1 ∼= {x0 =
1}. The hyperplane {x0 = 1} in Rn+2 defines a section of E˚(−1) and hence defines
a projective scale τ˚ ∈ E˚(1). We decompose T |U by the conformal scale τ := f
∗τ˚ as
T |U = E ⊕ TU ⊕ E .
Setting T := t(0, 0, 1) ∈ Γ(T |U ), we have f = φ(T ) and hence
f∗X = Xφ(T ) = φ(∇XT ) = φ(X)
for any X ∈ Γ(TU). Therefore, f∗ = φ : TU → R
n+1 and f is an immersion.
Let us consider the conformal Codazzi structure induced on the hypersurface
f(U) ⊂ Rn+1. We set Y := t(1, 0, 0) ∈ T |U . Let π : T˚ |Rn+1 → TR
n+1 be the
projection along φ(T ) and set ξ := π(φ(Y )) ∈ Γ(f(U), TRn+1). We will see that
ξ is identical to the affine normal field on f(U) for the projective scale τ˚ . First,
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let h˚ be the affine second fundamental form on f(U) with respect to ξ. We note
that the representative connection ∇τ˚ for the scale τ˚ agrees with the canonical flat
connection on Rn+1. For X,Z ∈ Γ(TU), we have
∇τ˚f∗Xf∗Z = ∇˚f∗Xf∗Z = f∗∇XZ = φ(∇XZ),
where ∇XZ is of the form
(5.26) ∇XZ =
 −hαβXαZβXβ(∇hβZα −AβγαZγ)
∗

with hαβ := τ
−2hαβ . Since the ξ-component of φ(∇XZ) equals the Y -component
of ∇XZ, it follows that f
∗h˚ = h. We set Ψ˚ := dx0 ∧ · · · ∧ dxn+1 ∈ ∧n+2T˚ ∗ so that
φ∗Ψ˚ = Ψ holds. Noting that τ˚−(n+2) = dx1∧· · ·∧dxn+1, φ(T ) = ∂/∂x0+xi∂/∂xi,
and φ(Y ) ≡ ξ mod φ(T ), we have
f∗(ξy τ˚−(n+2))|Tf(U) = φ
∗(φ(Y )yφ(T )y Ψ˚)|Tf(U)
= (Y yT yΨ)|TU
= volh
= f∗vol˚h.
Thus ξy τ˚−(n+2))|Tf(U) = vol˚h holds. Next, for any X ∈ TU we have
∇τ˚f∗Xξ ≡ π(∇˚φ(X)φ(Y ))
= π(φ(∇XY )) mod Tf(U),
where ∇XY is of the form
(5.27) ∇XY =
 0Xβ(P hβ α + 1n (δA)βα − PAβ α)
∗
 .
The ξ-component of ∇τ˚f∗Xξ equals the Y -component of ∇XY , so it vanishes. Thus
we have proved that ξ is the affine normal field.
We already proved that f ∗˚h = h. By equation (5.26), we can see that the
induced connection on U is given by ∇hα −Aαβ
γ . Therefore, the Fubini–Pick form
is equal to Aαβγ . When n = 2, it follows from equation (5.27) that the affine shape
operator on U is given by Sαβ = Pαβ +(1/2)(δA)αβ − (1/4)|A|
2hαβ, and hence the
induced Mo¨bius structure is tfSαβ − (1/2)(δA)αβ +(1/4)Scalhhαβ = Pαβ . Thus we
complete the proof. 
5.5. Harmonic scales. Let M be the boundary of a strictly convex domain in a
locally flat projective manifold N of dimension n+1. Then the coefficient L of the
logarithmic term in the volume expansion of the Blaschke metric gives a projective
invariant ofM when n is even. We will show that in fact it is a conformal invariant
of the conformal Codazzi manifold (M, [h], Aαβγ). Recall that trS depends on
the 1-jet of the projective scale along the boundary, and cannot be expressed in
terms of the conformal Codazzi structure in general. Thus we need to introduce a
normalization condition on the 1-jet of a projective scale. Let ∆˜ = −g˜IJ∇˜I∇˜J be
the Laplacian of the ambient metric g˜IJ = DIDJρ.
Definition 5.9. A projective scale τ ∈ E(1) is called a harmonic scale if it satisfies
∆˜τ = O(ρ).
Note that the definition does not depend on the choice of ρ. The following
proposition shows that the harmonicity normalizes the transverse derivative of the
scale:
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Proposition 5.10. (i) For any conformal scale κ ∈ E [1], there exists a harmonic
scale τ ∈ E(1), unique modulo O(ρ2), such that τ |M = κ.
(ii) When τ ∈ E(1) is a harmonic scale, τ̂ = e−Υτ is harmonic if and only if
ξΥ =
1
n
(∆hΥ+ |dΥ|
2
h),
where ξ is the (weighted) affine normal field for τ and ∆h = −h
αβ∇hα∇
h
β.
(iii) A projective scale τ ∈ E(1) is harmonic if and only if
(5.28) trS =
1
n− 1
(Scalh − |A|
2)
holds.
Proof. (i) Let τ˚ be an arbitrary extension of κ and set τ = τ˚ + ρφ for a density
φ ∈ E(−1). Then using ∆˜ρ = −(n+ 2) and g˜IJDJρ = T
I , we have
∆˜τ = ∆˜τ˚ − nφ+O(ρ).
Thus there is a φ unique modulo O(ρ) such that ∆˜τ = O(ρ).
(ii) By the Monge–Ampe`re equation det g˜IJ = −1 + O(ρ
n/2+1), the Christoffel
symbols of ∇˜ satisfy g˜IJ Γ˜IJ
K = O(ρn/2). Thus we have
∆˜τ̂ = −g˜IJDIDJ τ̂ + O(ρ)
= e−Υg˜IJ(τDIDJΥ− τDIΥDJΥ+ 2DIΥDJτ) +O(ρ).
In an adapted frame {e∞ = ξ, eα} for the scale τ , it holds at the boundary that
DIτ =
τ0
0
 , DJΥ =
 0ξΥ
∇hβΥ
 ,
DIDJΥ =
 0 −ξΥ −∇hβΥ−ξΥ ∗ ∗
−∇hαΥ ∗ ∇
h
α∇
h
βΥ+Aαβ
γ∇hγΥ+ (ξΥ)hαβ
 .
Therefore using (4.3) we have
∆˜τ̂ = e−Υτ(n ξΥ−∆hΥ− |dΥ|
2
h) +O(ρ),
which proves the assertion.
(iii) In an adapted frame for the scale τ , it holds at the boundary that
DIDJτ = τ
0 0 00 P∞∞ Pβ∞
0 Pα∞ Pαβ
 .
Thus, by (4.14), we have
∆˜τ |M = −τh
αβPαβ = τ
(
trS −
1
n− 1
(Scalh − |A|
2)
)
,
from which (iii) follows. 
By the above proposition, a conformal scale on M determines the 1-jet of a
harmonic scale and we can extend it to a normalized projective scale. Thus, it
follows from Theorem 4.10 that L gives a conformal invariant of M :
Theorem 5.11. Let M be the boundary of a strictly convex domain in a locally
flat projective manifold, and let κ ∈ E [1] be a conformal scale on M . Then the
coefficient of the logarithmic term in the volume expansion of the Blaschke metric
can be written in the form
L =
∫
M
F volh,
VOLUME RENORMALIZATION FOR THE BLASCHKE METRIC 27
where F is a linear combination of complete contractions of hαβ ,Ric
h
αβ , Aαβγ and
their covariant derivatives with respect to ∇h. Moreover the integral is independent
of the choice of κ.
We shall compute the conformal invariant L for n = 4. Let τ ∈ E(1) be a
harmonic normalized scale. By (4.6), L is given by the integral of
ξ2v|M = (ξtrS − ξr + (trS− r)
2)|M
over M . Since τ is harmonic, we have
r|M =
1
n
trS =
1
n(n− 1)
(Scalh − |A|
2).
By differentiating (4.18) and using (4.10) and (4.15), we have
ξr|M =
1
2
(|P |2 − |S|2) + (div),
where (div) denotes divergence terms. The equation (4.8) gives
ξtrS|M = −|S|
2 −
1
4
(trS)2 + (div).
Then it follows from (5.21) and (5.22) that
ξ2v|M = −
1
2
(|tfS|2 + |tfP |2) +
3
16
(trS)2 + (div)
=
1
8
(
|Wh|2 − 2|Rich|2 +
2
3
Scal2h
)
−
1
8
|Wh|2 −
1
4
|A2|2 +
1
12
|A|4
−
1
16
|δA|2 +
1
6
|A|2Scalh +
1
2
〈Rich, A2〉+ (div),
where the tensor A2 is defined by (A2)αβ = AαµνAβ
µν . Thus by the Gauss–Bonnet
theorem, we obtain
(5.29)
L = 4π2χ(M)−
∫
M
(1
8
|Wh|2 +
1
4
|A2|2 −
1
12
|A|4
)
volh
−
∫
M
(1
6
|A|2Scalh −
1
2
〈Rich, A2〉+
1
16
|δA|2
)
volh.
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